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Turbulent precipitation is a complex problem, whose mathematical description of
precipitation requires a coupling of fluid dynamics with the population balance equa-
tion (PBE). In the case of turbulent flow, this coupling results in unclosed equations
due to the nonlinear nature of precipitation kinetics. In this article, we present a meth-
odology for modeling turbulent precipitation using the concept of the transported prob-
ability density function (PDF) in conjunction with a discretized PBE, simulated via a
Lagrangian stochastic method. The transported PBE-PDF approach resolves the clo-
sure problem of turbulent precipitation for arbitrarily complex precipitation kinetics,
while retrieving the full particle size distribution (PSD). The method is applied to the
precipitation of BaSO4 in a turbulent pipe flow and comparisons are made with the
experimental results of Baldyga and Orciuch (Chem Eng Sci. 2001,;56:2435-2444)
showing excellent agreement, while insight is drawn into the mechanisms that deter-
mine the evolution of the product PSD. © 2009 American Institute of Chemical Engineers
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Introduction

Reactive precipitation is a process that involves produc-
tion of particulate material via chemical reactions between
reactants dispersed in a carrier fluid phase. It is a process of
widespread use and industrial importance, particularly in the
production of fine chemicals and pharmaceuticals, and it is
also a process that poses significant challenges from the
viewpoint of modeling and prediction." A major objective of
precipitation process design is to obtain control over the par-
ticle size distribution (PSD) of the product, as the latter often
determines whether the product is suitable for particular
applications, and an extensive body of research has been
devoted to the development of mathematical methods for
prediction of the PSD. Furthermore, in most devices of
industrial importance, the flow is turbulent, and the interac-
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crystallization (precipitation), population balance,

PDF

tion of turbulence with particle formation processes gives
rise to important theoretical problems.

The evolution of the PSD is described mathematically via
the population balance equation (PBE),? also known as general
dynamic equation (GDE),? which is a transport equation for
the distribution in a phase space comprising of space, time,
and a measure of particle size (such as radius, diameter, or vol-
ume). If the particle population is polydispersed with respect
to more than one variable, a multidimensional PBE can be
employed.4 Depending on the application, the PBE should
contain various particle formation and interaction mechanisms
that determine the evolution of the PSD—usually a combina-
tion of nucleation, growth, aggregation, and breakage .
Growth involves derivatives, while aggregation and breakage
involve integrals. Therefore, when all of these mechanisms are
combined, the PBE becomes an integro-differential equation.
More information on the fundamentals of the PBE framework
can be found on several reviews.>>¢

*Depending on the specific physical application, different names may be more
appropriate for these mechanisms, i.e., condensation/growth, aggregation/coagula-
tion/agglomeration, fragmentation/breakage, etc.
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An extensive body of research in the solution of the PBE
has been conducted. Only very simple cases can be treated
with analytical methods such as the method of characteris-
tics. The two most popular classes of methods are moment
methods and discretization approaches. The former are prob-
ably the earliest and most widely employedﬁ’7 and are based
on a representation of the PSD in terms of a finite (usually
small) number of moments rather than by the full distribu-
tion. The PBE is thus transformed into a set of ODEs for
these moments by integrating over the size domain. The
main difficulty with the method of moments is the presence
of unclosed terms in the resulting integrals, unless the
kinetics assume certain simple functional forms.” A number
of approximate moment methods have therefore been pro-
posed; these methods are based on series expansions or on a
presumed shape for the underlying pSD.’10 By contrast, dis-
cretization methods retrieve the full PSD and do not require
any closure. Several discretization approaches exist, such as
methods of classes''"'? and finite element methods.'*™"
Finally, Monte Carlo methods* are often used for multidi-
mensional PBEs. For a review of these approaches, please
refer to the work of Ramkrishna.”

Most of these works are concerned with the solution of
the PBE in spatially homogeneous domains. In actual precip-
itation reactors, however, or in other problems such as soot
formation in combustion engines and nanoparticle production
via flame synthesis, particle formation takes place within a
strongly inhomogeneous flow field. These inhomogeneities
can exert a profound effect on the particle formation due to
the fact that particle nucleation, growth, and aggregation/
breakage depend strongly on the local environment, particu-
larly on supersaturation and shear. The next stage from the
fully mixed or plug flow reactor models is to employ hybrid
approaches that take some input from CFD, but still carry
out the PBE calculation in a reaction engineering model.'®"’
The most detailed and accurate way of simulating precipita-
tion in flow systems, however, is via the fully coupled CFD-
PBE equations. This can be accomplished in a straightfor-
ward manner in the case of laminar flow, either via a
moment-transformed or a discretized PBE.

In turbulent flows, however, random fluctuations prevent a
straightforward coupling of the PBE with the Navier—Stokes
equations. That is because all species concentrations and par-
ticle physicochemical processes, as well as the local PSD
itself, are subject to fluctuations. As a consequence, complex
nonlinear interactions arise between turbulence, chemical
species transport and particle transport and formation.>>18:1?
Early attempts to model turbulent precipitation with CFD
ignored these nonlinear interactions and proceeded by com-
puting the turbulent flow field characteristics via a turbulence
model, subsequently only considering turbulent transport (of-
ten called “mesomixing”).20 Implementation of the PBE in
a CFD code, either via moments or via a discretization
approach, is therefore straightforward, as is in the case of
laminar flows. A consequence of this is that, even though
the overall flow patterns are correctly modeled, local micro-
mixing effects on the PBE are not being captured; these
effects are more pronounced in the case of fast reactions,
and precipitation reactions usually fall in this category. To
take such effects into account, probability density function
(PDF) methods were introduced in the turbulent precipitation
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literature. The essence of the PDF concept is to obtain infor-
mation about the probability distribution of reactive scalars
and moments or number densities, thus yielding closed forms
of the nonlinear reaction/precipitation terms. In some meth-
ods, only a few parameters of the PDF (such as the mean
and the variance) are being transported, and the PDF is then
reconstructed by these parameters based on an assumption or
interpolation; these are called presumed PDF methods, in
contrast with transported or full PDF methods where the
entire PDF is being transported directly.

Two main classes of presumed PDF methods have been
employed in the precipitation literature. Baldyga and
Orciuch, who were among the first to deal with the closure
problem in precipitation, used a f-PDF for the mixture frac-
tion in a tubular reactor,”’ in conjunction with the turbulent
mixer model.?* Apart from relying on the use of mixture
fraction, the method involves a further assumption for calcu-
lating the compositions of species via linear interpolation
between the nonreacting and instantaneous reaction cases.
The second approach is often termed the multienvironment
model (also called finite-mode PDF or DQMOM).?? 24 Piton
et al.? initially investigated the approach for the same
experimental configuration as Baldyga and Orciuch, but
found significant discrepancies when comparing with their
results. Others authors applied this method to different con-
figurations,”®® but presented limited agreement with experi-
mental data—in addition, no comparison was made for some
important variables such as the number of particles created.
Multienvironmental models, due to their coarse approxima-
tion of the PDF, may be less appropriate for cases with com-
plex chemistry. As stressed by Fox,? their use with chemi-
cal kinetics that are highly sensitive to the shape of the joint
PDF can be problematic for a small number of environ-
ments. In most precipitation problems, even those involving
simple chemistry, homogeneous nucleation is highly sensi-
tive to small concentrations variations.

In contrast with these two approaches, a transported PDF
method does not make any assumption on the shape of the
PDF. Transported PDF methods were pioneered in combus-
tion by several researchers®™*! and are known to be able to
represent complex chemical processes. Recently, the method-
ology has been employed in particle formation problems
such as precipitation®” or in soot and nanoparticle formation
in gas phase,” mostly in conjunction with the method of
moments. PDF simulations are carried out either via stochas-
tic particles, a method pioneered by Pope,34 or via the more
recent concept of stochastic fields, suggested by Valino.* So
far, applications of PDF methods to particle formation prob-
lems have been carried out mainly with the particle method,
with the exception of the work of Garmory and Mastorakos
which is based on stochastic fields.*

In all of these attempts, the fluid dynamics were coupled
with the equations for the moments of the PSD. As a result,
the PSD was not directly predicted, but rather reconstructed
(when needed) from its moments. The problem of reconstruct-
ing the PSD from the moments, however, is generally ill-con-
ditioned, and no universally applicable method exists.*” More-
over, the moment transformation results in unclosed terms
except for a few special cases of growth and aggregation ker-
nels, and some kind of closure such as Laguerre quadrature7
or QMOM?” is required. These methods are more or less suited

DOI 10.1002/aic 879



to particular problems; some comparative studies have reported
that they fail to predict the correct evolution for certain
kinetics, aggregation kernels or long-term behavior.**

The number of works that attempt to predict the full PSD is
rather limited. Muhlenweg et al.** were among the first to
compute the full PSD in a plug flow, neglecting micromixing
effects. Nevertheless, even under this simplified conditions,
they reported high-computational demands and implied that
coupling with more complex CFD simulations should only be
attempted when computational power has increased accord-
ingly. Schwarzer et al.*!' considered temporal and spatial flow
fluctuations using direct numerical simulation (DNS), and
then employed a Lagrangian particle tracking approach to
obtain the PSD. Because of the high-computational demand of
DNS, their simulation was carried for very low Reynolds num-
ber only (~10%). As stressed by those authors, their work is
useful mainly for producing reference results rather than as a
viable engineering approach. Finally, Woo et al.** coupled a
three-environment PDF with a high resolution, finite volume
discretization of the PBE for growth and nucleation mecha-
nisms. A qualitative analysis was presented, but no compari-
son was made with experimental results.

Recently, Rigopoulos19 introduced a formulation for popula-
tion balance modeling in turbulent flows via a discretized PBE
and a transport equation for the joint PDF of species and num-
ber density. There are several advantages in this approach: the
full PSD is computed directly, there is no need for closure in
the PBE integral terms, and the nonlinear terms arising from the
interaction of turbulence and particle formation are also closed.
These features allow particle formation, growth, and aggrega-
tion/breakage mechanisms of any complexity to be incorpo-
rated. The objective of this article is to present a methodology
for modeling turbulent precipitation based on the transported
PBE-PDF equation by coupling a CFD code for the fluid
dynamics and a Lagrangian Monte Carlo particle method to
simulate the PBE-PDF. The methodology is then applied to
model BaSO, precipitation in a tubular reactor, a process that is
well documented in the literature and for which experimental
data®' are available for validation. The article is organized as
follows: the next section briefly presents the fundamental equa-
tions of reactive flows with particle formation, outlines the need
for closure in the case of turbulent flow and presents the trans-
ported PBE-PDF equation. Subsequently, the methodology for
solving the transported PBE-PDF equation and coupling it with
fluid dynamics is presented. This is followed by a discussion of
the precipitation kinetics of BaSQy,, the simulation configura-
tion and the reference experiments. The final section compares
simulation results with experimental data and discusses the
mechanisms underlying turbulent precipitation.

The Transported PBE-PDF Method

The fundamental equations for reactive flows with
size-polydispersed particles

Problems involving polydispersed particles subject to
chemical reactions, particle formation and collision/aggrega-
tion, while being transported by a carrier fluid, are described
by the continuity, Navier—Stokes, species transport/reaction
and PBEs. The first two, which describe the evolution of the
flow field, are shown here for incompressible flow:

880 DOI 10.1002/aic

Published on behalf of the AIChE

V-u(x,t) =0 (1)

8u((;;, ) + (u(x, 1) - V)u(x, 1) = vWu(x, 1) — w N

where u is the velocity vector of the carrier fluid phase, v the
kinematic viscosity (assumed constant), P the pressure, and p
the fluid density. For a reactive flow, where m species are
being transported, these must be complemented by the species
transport equation, written below in terms of the mass
fractions (or concentrations) of the species involved:

w + V(u(x,1) - Yo(x,1)) = Dy - VY(x,1)

ot
+w,(Y,N) a=1,m (3)

where Y, is the mass fraction (or concentration) of ath species,
D, is the diffusivity of Y,, and w, is the reactive source term
for Y, (W, depends on the concentration array involving all
species, Y, as well as on the particle number density
distribution, N, to be defined later). Finally, the PBE describes
the evolution of the particle number density. This can be
defined in terms of any characteristic property of the particles;
in this work, the property of interest is a linear measure of the
particle size L. Thus, the number density, N(L;x,t), is a
continuous distribution over the particle size domain, as well
as a function of space x and time ¢, representing the number of
particles of size L per unit L, per unit volume of space. The
PBE can then be written as:

w +V(u-N(L;x, 1) + % (G(L,Y) -N(L;x, 1))
=D, - V’N(L;x,?) +y(Y,N) (4)

where, D, is the diffusivity of the particles. The PBE introduces L as
an additional dimension to the problem. Growth mechanisms are
accounted for by the growth rate G(L,Y) which in general, depends
on the particle size and on the local environment, i.e., the
concentrations of the reactive species from which the particles
are grown. It can readily be seen that growth is a convective
mechanism over the particle size dimension, its units being meters
per second. The source term, wy, may account for particles
formation (nucleation) and other phenomena such as agglomeration
or fragmentation. A second additional dimension can also be added
into the PBE if required (e.g., surface area for the description of
particle morphology). This is particularly relevant for aggregation
problems, and the solution approach presented here can be extended
to accommodate multidimensional formulations. It is assumed that
no slip exists between the velocity of the particles and that of the
fluid phase (otherwise a distribution over velocity space would have
to be considered as well). This is often the case for particles of size
smaller than the Kolmogorov scale, and is appropriate for the cases
considered in this article.”!

The closure problem for the turbulent
PBE and the PDF approach

In turbulent flows, the velocity field exhibits random fluc-
tuations. As a result all transported properties, i.e., concen-
trations, temperature, and even size distribution, must
also be considered as random variables. For engineering
applications, equations for the mean values are usually
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sought through a decomposition of the random variables into
a mean and a fluctuating part. This procedure, known as
Reynolds averaging, results in unclosed terms involving the
velocity and scalar fluctuations. This issue is resolved
through various closure hypotheses, which provide satisfac-
tory answers in several flows of interest, although none of
them is universally applicable. A similar closure problem is
encountered by a naive application of Reynolds averaging to
the population balance, as can be readily seen later. Decom-
posing the instantaneous field of the number density into an
average and a fluctuating part, i.e., N = (N) + N and doing
the same for the growth function, G = (G) + G’ (for growth
depends on the random scalar field Y, and is therefore going
to exhibit random fluctuations as well), we obtain for the
growth term alone:

(o) 20 50)

The unclosed terms appear as a result of the nonlinearity
of the growth rate ((G(L,Y)) # G(L,(Y))), as well as a result
of the correlations between number density and species’ con-
centrations involved in the growth mechanism (<%> # 0).
Application of the same decomposition to nucleation and
aggregation results in further unknown terms. This issue is
discussed in more detail by Rigopoulos.19 In that work, a
joint species-number density PDF approach was proposed to
overcome the issue.

This approach proceeds as follows: at first, the number
density is discretized in the size domain. The details of the
discretization approach are immaterial here, and indeed any
method can in principle be employed. What matters is that
the distribution is approximated by a finite number of nodal
values of the number density, which can be regarded as ei-
ther mean values over an interval or values at finite element
nodes (depending on the approach):

N(L;x,t) — {(N(L1;x,1),N(La; x,t),.... N(Ly; x, 1) },
or N;(x,1)

The PBE is then transformed into a number of transport
equations in terms of the N; (N; = N(L;)). These can be writ-
ten as:

w_y (u(x, hE ﬁ)N,‘(X, t) =D, VjNi(X, 0+ Wi(Y,N)

where the discretized form of the growth term has been
absorbed into the new source term W, (the functional form of
which depends on the discretization scheme). It is readily seen
that these equations are essentially diffusion-reaction equa-
tions similar to the species transport equations (Eq. 3).

The essence of our PBE-PDF approach is to define the joint
PDF of the reactive scalars and discretized number densities,
f.m;xt). This is to be interpreted as follows: at a point in
space x and at time ¢, the probability that the species’ mass
fractions Y and the discretized number densities N simultane-
ously lie within the intervals (y,y + dy) and (n,n + dn),
respectively, is given by fdydn. Note that we employ the stand-
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ard convention of distinguishing between the instantaneous val-
ues of the fields and the sample space of the PDF by denoting
the former by capital letters and the latter by lowercase.

The derivation of the transport equation for the joint PDF
from Eqgs. 1-3 and 6 has been shown and discussed else-
where.'? The final equation is:

of of _
5+<W>'3_Xf_

91/ 0
5 Ku,ly, n> .f] ~ o, [(D,Vy,ly,n) - f]
9 9
aya( [Wrx(Y7 n) f] - a_n’ [<Dl7v2ni|y7 n> f]
0

~ Wiy £ ()

The equation is written in index notation (Ssummation over
repeated indices is implied), to distinguish between the indices
i, j, and o used for discretized number densities, space, and
chemical species respectively, whereas space and time de-
pendency of the variables and PDF has been omitted for sake
of clarity. The terms on the left-hand side of Eq. 7 represent
accumulation and convection of f by the mean flow. The first
three terms on the right-hand side represent transport of f due
to turbulent fluctuations, micromixing of the species’ mass
fractions and chemical reaction source terms. The last two
terms represent micromixing of the particulate phase and any
source terms due to particulate processes (any combination of
nucleation, growth, aggregation, and breakage). Terms of the
form (X/Y) are conditional averages, i.e., the average of the
quantity X conditioned on the event Y; these terms are
unknown and therefore require closure. This is a long-stand-
ing issue in the PDF literature, and an extensive body of
research is available. For the turbulent diffusion term, a gradi-
ent diffusion model is commonly employed>**:

/ B of  Cuk* Of
<”_f‘y?“> 'f——r'a—xj——s—ct?'a—xj )]

where I is the turbulent diffusivity and C,, and Sc (turbulent
Schmidt number) are model constants generally taken as C,, =
0.09 and Sc, = 0.7 when employing a k-&¢ model**; k and ¢ are
respectively the turbulent kinetic energy and the turbulence
dissipation rate. In the above, it has been implicitly assumed
that the turbulent diffusivity of the particles is the same as that
of the chemical species. This is a reasonable assumption for
particles smaller than the Kolmogorov length scale.”' The
closure of the micromixing terms, on the other hand, has been
subject to extensive research and several models have been
proposed in the literature (see Kollmann® for a review). One
of the simplest, the Interaction via Exchange with the Mean
(IEM) is employed here*®*":

(DaVy,ly,m) = S —((Y,) = y,) ©)

2'L—mix

1
<D,,V2n,~|y, ll> = T (<N,> — I’I,‘) (10)

mix
where T, is a characteristic timescale of the micromixing
process. The timescale 7, can be modeled by the following
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equation, which presumes dominance of the large scale

motion®?:

Lt (1)
Tmix_ mix k

where Cp,ix is a model constant generally taken equal to 2.

The source terms for both reaction and population balance
in Eq. 7 are closed. All particulate processes, such as size-
dependent growth, nucleation, aggregation, and fragmenta-
tion can be accommodated here. Mechanistic models of any
type and complexity can be included without the need for
closure assumptions; this is the main merit of the PDF for-
malism.

Since the dimensionality of the PDF equation is quite high
[number of reactive scalars] + [number of number density
nodal values] + [space, time], solution via conventional
methods such as finite difference are not computationally
feasible. Instead, a Lagrangian Monte Carlo method that
resolves the PDF via an ensemble of notional particles will
be developed here. The number of computations required by
Monte Carlo methods does not scale exponentially with
dimensionality, as in the case of discretization methods.

Monte Carlo simulations of the joint PDF

Lagrangian Monte Carlo methods were first introduced in
the context of turbulent flows by Pope.*® In this work, we
extend the application of Lagrangian stochastic methods to
simulating the PDF of the turbulent PBE. The essence of the
approach is to simulate a number of stochastic entities, each
one of which is equipped with its own PSD and chemical
species’ concentrations. The evolution of these entities is
guided by the fluid dynamics, as computed by the CFD solu-
tion, as well as by stochastic equations, in such a way that
their statistics approximate the sought PDF. The approach is
based on the concept of equivalence between the PDF trans-
port equation, which is essentially a Fokker—Planck type
equation, and a system of Langevin-type equations for the
ensemble of stochastic entities—see Gardiner™ or van
Kampen®® for the theoretical background behind this equiva-
lence. Accordingly, we formulate the following stochastic
model for the evolution of the position, concentration (mass
fractions), and PSD (discretized number density) within each
stochastic particle, which is consistent with Eq. 7:

dx = [(u(x, 1)) + VI(x,0)].dt + 2T(x,0)"*. dw  (12)

dy, = { L (rx0) - Yu(x,0) +w1(Y,N)} dt

2. Tmix
o=1,m (13)
v = [ )~ M) + W)

i=1,n (14)

Equation 12 describes the motion of the notional particles
in physical space due to a deterministic term and a random
fluctuation introduced by dw, which is the infinitesimal in-
crement of a vector of independent Wiener processes. The
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discrete equivalent of a single Wiener increment during a
time step Af is Aw = Atl/z-C, { being a realization of a nor-
mal random variable (zero mean and unity deviation). Equa-
tions 13 and 14 describe the evolution of the stochastic par-
ticles in the phase space of the species’ mass fractions and
number density. This set of equations is consistent with
Eq. 7 in the sense that an ensemble of entities that move and
evolve according to them will feature the same statistics as
the PDF of Eq. 7.

The method employed here is a hybrid Lagrangian Monte
Carlo method. The flow field is computed first using conven-
tional CFD with a RANS model for the modeling of turbu-
lence. Subsequently, an ensemble of stochastic particles is
generated, each one featuring its own concentrations of
chemical species and discretized PSD. It must be stressed
that these stochastic particles have no direct physical inter-
pretation, and are certainly not to be confused with the
actual particles. They are just representations of the local
quantities (concentrations, number densities), in the sense
that statistics of a large number of them contained in one
grid cell approximates the local PDF of these quantities. The
variables communicated between the CFD and the PBE-PDF
solver are the mean velocities and the turbulent kinetic
energy k and dissipation rate ¢, which are required to com-
pute the turbulent diffusivity I and time scale t.,;x. Motion,
mixing, and precipitation are treated sequentially; this frac-
tional step approach has been widely used in reacting flow
simulations and is justified for At<<rm,-x,29 a condition that
is satisfied during our simulations.

Modeling of Turbulent Reactive Precipitation
Reactive precipitation in turbulent pipe flow

The theory will now be applied to the problem of reactive
precipitation in a turbulent pipe flow, which has been studied
extensively by Baldyga and Orciuch.?' In this process reac-
tants are injected into a liquid phase reactor, where they
combine to form a solid precipitate. The particulate proc-
esses to be considered here are nucleation and growth; as
stressed in Baldyga and Orciuch,”' the concentrations of the
injected species in their experiments were small enough to
ensure that no aggregation is present.

Crystals are initially created when high supersaturation is
generated by the forced mixing of the annular and central
streams. For given initial concentrations, turbulence and mix-
ing effects directly affect the range within which nucleation
and growth can be of significant magnitude, since these
depend on the local species’ concentrations. In turn, the distri-
bution of the ionic species in the reactor is determined by com-
plex interactions of turbulent mixing and chemical reactions.
The interplay of these effects will determine the PSD at the
reactor outlet, which is the feature that the process engineer is
most interested in. The PDF method allows for rigorous mod-
eling of the process and closure of the nucleation and growth
terms without assumptions, as well as for drawing insight into
the underlying phenomena and mechanisms.

Precipitation kinetics and problem formulation
Precipitation of barium sulfate can simply be described by
the following one-step reaction:
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Ba’" 4+ SO}~ — BaSOy | (15)

At equilibrium, the quantity of precipitate is dictated by
the remaining ions species whose product must be equal to
the solubility (or saturation) product K. Before equilibrium
is reached, a state of supersaturation exists where this prod-
uct is higher than the final equilibrium value K. This state is
described by the supersaturation S defined by:

[Ba”*] - [SOF ]|

S=y.
Y K,

(16)

where [Ba*"] and [SO? "] are respectively barium and sulfate
concentration values, and 7 is the mean activity coefficient for the
salt. Wei and Garside,20 who first introduced the use of y in this
context, suggested calculating it according to the Bromley
formula.”® This approach is shared by Baldyga and Orciuch®!
as well as by much of later work.'®?® An alternative method,
based on the Pitzer approach51 has also been reported.52 The
kinetics of barium sulfate precipitation have been extensively
studied’*>* and the dependency of nucleation and growth rates on
the activity-based supersaturation S, has been derived empirically
based on available experimental work.2%?12° However, signifi-
cant discrepancies exist between the data of various authors (an
example is shown in Figure 1 for the nucleation rates given by
Refs. 20 and 21). Earlier expressions where the activity is not
considered” and more theoretical approaches based on classic
theory are also available." 8 The use of the latter seems limited due
to the strong sensitivity of the expressions to certain parameters
such as the surface tension.'®° For these theoretical approaches,
the use of the activity-based supersaturation is essential.'®
Nevertheless, consistent results can also be obtained with a
concentration-based supersaturation when employing empirical
approaches, as long as the kinetic expressions have been derived
in this context.’’

In this study, we will employ the same expressions as
those used by Baldyga and Orciuch, based on various experi-
mental data. The nucleation rate, R,, is given by:

A A
Ry = Rumax het - €XPp (_logl(?f) + Rumax hom - €XP <—10gh;32>
(17)

where Ry het = 1.06 x 102 m ™ s71, Ay = 44.60, Rinax nom =
1.50 x 10¥ m 3 s~ ! and Ao = 3020, and where the value of K
used in Eq. 16 to calculate S here is taken as K; = 1.1 x 1074 (mol
m ). This expression accounts for both the homogeneous and
heterogeneous regimes (i.e., occurring with or without prefer-
ential sites, respectively). As it can be seen from Figure 1 (upper
plot), the nucleation rate is very sensitive to the supersaturation,
particularly for S higher than ~500. The linear growth rate G is
assumed to be size independent (McCabe’s law), and is given by:

2
G=k. <W/.’ /% - \//;;) = kd(Cl - Cls) = kd(t'z - C2s)

m/s] - (18)
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Figure 1. Plot of two different nucleation rates (from 20

and 21), both based on the experimental
work of Nielsen and coworker.>®5*

where k, = 3.6 x 1077 (m s™) (m® mol™!)? and k4 is the mass
transfer coefficient. This expression, as well as the value of &g,
has been extensively discussed in the literature,”®>° some
authors arguing that &, is size dependent. Baldyga and Orciuch
take here a fixed value of 1077 (m s7h (m3 mol ™) based on
Baldyga earlier work. In the expression of G, ¢; and c;
represent the local Ba?" and SO?[ concentrations, whereas ¢
and ¢y, are the concentrations of these species at the crystal
surface. Since ¢ and ¢, are not directly known, Eq. 18 must
be solved to get G. This was performed here by using a
Newton-Raphson method.

The aforementioned approach neglects ion pair formation
but gives satisfactory results because the corresponding
nucleation and growth rates have been derived on the basis
of this assumption. Nevertheless, some authors insisted on
the importance of the ion pair (complex) BaSOyq, forma-
tion via the reaction®:

— BaSO4<aq) (19)

24 —
Bayg) + 5040

The equilibrium of Eq. 19 is described by the ion pair
equilibrium constant:

Ba?)- [503 ] -

Kip =
[Baso4(aq)] : VBaSO4

(20)

In Eq. 20, [BaSOy4(,q)] stands for the concentration of the
complex while ypaso, is the activity coefficient for this same
complex; ypuso, can be assumed close to unity since it is a neu-
tral species.” Taking into consideration the formation of this
complex, Vicum et al.>? derived new values for the parameters
of the above kinetics expressions. In Eq. 17, the values Ry,ax net
=536 x 10" m™? s7", Apacner = 43.13, Riaxhom = 1.24
10 m2 s ! and Anmaxhom = 3137 replace the previous ones,
whereas k, = 1.02 x 1077 (m s™") (m® mol™")? shall be used in
Eq. 18. According to Ref. 60, log(Kip) = —2.26. For consis-
tency, the same value of Kj is also used as recommended,52 ie.,
log(K,) = —10.05 which corresponds to K; = 8.91 x 1073 (mol
m ). Both of these approaches (with or without ion pair) are
considered in this article.
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Figure 2. Geometry of the tubular reactor in the experiments of Baldyga and Orciuch?'.

The surface and volume shape factors, k, and k,, account
for the morphology of the crystals and their values are eval-
uated experimentally. On the basis of previous work, Bal-
dyga and Orciuch used k, = 8.17, k, = 1.36 for the low-
concentration experiments (where [BaCl,] = 100 mol m " is
injected in the central region) and k, = 348.0, k, = 58.0 for
the high concentration ([BaCl,] = 1500 mol m~ is injected
in the central region). The sphericity ®, relates the size of
the crystals to the size of spherical particles with the same
volume, and is required to compare simulations and experi-
mental results from a Coulter-counter. The value of @, is
given by (n/(6k,))" and is equal to 0.727 and 0.208 for the
low- and high-concentration experiments, respectively.

For our application, Egs. 3 and 4 can now be written as:

aC,'(XJ)

Oci(x,) () = D e (x.1) — k. PBas0s Oms(X,1)
o +V(u-ci(x,1))= D;-V-ci(x,1) kvMBaSOL‘ BT

(21)

ON(L; x, 1) _ 0 _ B

T+V(u N(L,XJ))‘F&(G(YQ() N(L,XJ)) -

Dgaso,-V>N(L; X, 1) + R, (Y) - (L — Lo)
(22)

Equation 21 is the species transport/reaction equation writ-
ten in terms of concentration. The terms pg,so, and Mg,so,
are the density and molar mass of BaSO, precipitate, respec-
tively, (ppaso, = 4.48 X 10° g m > and Mgaso, = 233.39 ¢
mol ™! at 25°C), whereas ms is the third moment of the size-
dependent number density N(L;x,f) (equal to the total volume
of precipitated crystals). The last term on the right-hand side
corresponds to the reactive source term and accounts for the
deposition into the precipitate phase. Equation 22 is a tran-
sient and spatially distributed PBE including both nucleation
and growth terms. These are related to the species’ concen-
trations via the local supersaturation rate (Eq. 16) and the
expressions given by Eqgs. 17 and 18. The equilibrium with
the ion pair (complex) BaSOy,,q) described by Eq. 20 must
also be considered when using the kinetics of Vicum et al.”

Experimental configuration

A series of experiments of BaSO, precipitation in a tubu-
lar reactor at room temperature were reported by Baldyga
and Orciuch.*! Their configuration consisted of a main pipe
(internal diameter Dy;,. = 32 mm) with a concentrically
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located smaller pipe having external diameter Dyoz0e ext =
2.5 mm and internal D, = 1.8 mm (Figure 2). According
to Baldyga and Orciuch, both pipe lengths before injection
were long enough to eliminate the entrance effects. A solu-
tion of BaCl, was injected in the central region with a con-
centration varying from 1500 mol m > to 100mol m > while
a solution of Na,SO, was injected in the outer (annular)
region at a concentration of 15mol m . The velocity ratio
Ru (mean velocity in the injector over mean velocity in the
reactor) varied from 1.0 to 6.7. Samples of the flow at the
outlet were collected and the entire crystal size distribution
was measured using a Coulter-counter.

Simulation setup

In our hybrid numerical approach for solving the PDF
transport equation, the flow field is resolved with a conven-
tional CFD method and the evolution of the joint species-
number PDF is resolved by Lagrangian Monte Carlo particle
simulation. As the flow is incompressible and the particles
are assumed to have no effect on the flow field (being very
small), the steady-state flow field is computed first via a
CFD solver (Fluent 6.2) and subsequently an in-house devel-
oped code is employed for the Monte Carlo simulation and
population balance solution. The details of both are
described here.

A 2D orthogonal axisymmetric grid corresponding to the tu-
bular reactor of Baldyga and Orciuch?' is employed, featuring
21,000 to 50,400 nodes. The use of finer grids had no signifi-
cant impact on the simulations results. The grid is refined near
the injection zone, which exhibits the greatest variations. A
standard k-¢ turbulence model is used to compute the flow
field, thus obtaining the average velocity field u(x), turbulent
kinetic energy k(x) and turbulent dissipation rate &(x). For
each case, the inflow boundary conditions for the annular and
central regions were obtained from the corresponding Reyn-
olds number and velocity ratio. As required by the use of the
wall functions approach, the near wall values of the dimen-
sionless y* (a grid-dependent parameter based on the turbulent
kinetic energy near the walls) are ~30. Second-order upwind
scheme for momentum, k and ¢ is employed. The standard
scheme (interpolation using momentum equation coefficients)
is used for the pressure while the SIMPLE scheme is used for
the pressure-velocity coupling.®’ A convergence criterion of
10~ is set for all residuals.

The grid as well as the data produced by the RANS simu-
lations is then input to our in-house developed Monte Carlo
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Figure 3. Supersaturation rate in the tubular reactor for Re = 30,000, ¢, = 15 mol m~3, ¢, = 1500 mol m~3, Ru = 1.

From top to bottom, left to right: (a) along central axis, (b) cross-section X = 0.21-D, (¢) X = 0.5-D, (d) X =D, (e) X = 2.5-D, (f) X =
5D, (g) X = 10-D, and (h) X =25-D. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

solver. Since no precipitation is involved before the injection
of the fluid coming from the central nozzle into the main
pipe, Monte Carlo simulations are not carried in the domain

upstream the injection. Standard treatment of boundary con-
ditions for the stochastic particles is implemented in the
code.”” Particles are injected at the inflow boundary
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Figure 4. Number of particles per unit volume in the tubular reactor for Re = 30,000, c, = 15 mol m~3, ¢, = 1500
mol m~3, Ru = 1.

From top to bottom, left to right: (a) along central axis, (b) cross-section X = 0.21-D, (¢) X = 0.5-D, (d) X =D, (e) X = 2.5-D, (f) X =
5D, (g) X = 10-D, and (h) X = 25-D. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

according to the local velocity, while particles leaving the Motion of the particles is governed by Eq. 12 and the local
pipe at the outflow are simply deleted. Particles are reflected flow and turbulence characteristics. The particles injected at
when crossing the central axis or the lateral wall of the pipe. the inlet of the annular and central regions carry the inlet

886 DOI 10.1002/aic Published on behalf of the AIChE April 2010 Vol. 56, No. 4 AIChE Journal



concentration values and zero crystal number densities. To
reduce the computational time requirements imposed by the
CFL conditions, a local time stepping method based on par-
ticle weight corrections has been implemented in our code.
The principle of this method is to use different local time
steps for each cell, with appropriate modifications of particle
weights.®? The method, which can only be applied to steady-
state problems, allows the simulation to converge much
faster.

The scheme of Rigopoulos and Jones'S is used to trans-
form the number density into an equivalent discrete repre-
sentation. It is a finite element method that approximates the
distribution by linear functions and employs a collocation
formulation for the weighted residuals. An average of 20
particles per cell has been used for all the simulations, while
up to 95 scalars are carried by each stochastic particle (up to
5 chemical species 4+ 90 nodal values for the discretized
number density). Statistical errors (which are inherent in
Monte Carlo simulations) were reduced by time averaging
the simulations over an appropriate number of time steps®
(the problem considered is steady state), while simulations
with more particles (50-100) did not exhibit a notable
improvement. The CPU time required for computations on a
four-processor AMD 2.4 GHz system ranged from 12 to 22
h, indicating that solution is feasible on a desktop system.

Results and Discussion

Three experiments measuring the PSD were presented in
the article of Baldyga and Orciuch.*’ We will discuss first
the configuration Re = 30,000, Ru = 1 with the higher con-
centrations ¢, = 15 mol m—> and ¢;, = 1500 mol m >, which
is also treated in more detail in the reference article.
High-concentration experiments are generally more difficult
to predict, since mixing effects are more pronounced then.
Moreover, they generate large supersaturation values (here
up to 800), in which case the nucleation rates are very
sensible to small variations in the species concentrations
(Figure 1).

In Figure 3, the cross-sectional and axial distribution of
the supersaturation in the reactor are shown. A peak appears
near the inlet of the central nozzle, created by the forced
mixing of fluids coming from the core and annular inlets.
Downstream the supersaturation is homogenized due to tur-
bulence across the pipe radius, but also consumed due to
crystal growth, hence the peak decays. The spatial distribu-
tion of the crystal concentration, i.e., the zeroth moment 1,
of the PSD (Figure 4), shows a similar trend, except that the
peak is slightly transposed, indicating that a certain time is
required for significant nucleation to appear. In the axial
direction (Figure 4a), we can see that the peak for m decays
much faster than the supersaturation peak. This is mainly
due to the strongly nonlinear dependence of nucleation on
supersaturation, which results in nucleation being confined to
a small region around the injection zone (Figure 5). Conse-
quently my is diluted within a shorter distance downstream
(see, for instance, cross-sections X = 5-D in Figures 3f and
4f). The mean size d43 of the particles, defined by dyz = my/
(®,-m3) where my and ms5 are the fourth and third moments
of the number density respectively and ®, is the sphericity,
are shown in Figure 6. Unlike the zeroth moment, dy;
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Figure 5. Contour plot of the nucleation rate near the
injection zone.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

increases along the reactor central axis at a rate similar to
the decrease of supersaturation after the initial peak, i.e., it
is in phase with the evolution of supersaturation. This is
because the dependence of particle growth on supersaturation
is not as strongly nonlinear as that of nucleation. In Figure
7, we see that the distribution of the growth rate is more uni-
form than that of the nucleation rate, which is limited to the
area around the injection point (Figure 5). When looking at
the cross-sectional distribution, d43 appears to be quite ho-
mogeneous within a central core that expands downstream
until filling the entire cross-section (at x ~ 2.5-D)—the pipe
is filled with particles after this point (Figure 6).

The interplay of nucleation, growth, turbulent and mixing
mechanisms, can be elucidated by investigating the evolution
of the characteristic time scales of these mechanisms. As
suggested by Baldyga and Orciuch,?' the following time
scale can be defined for nucleation:

Ty = 2 (23)

where my is the zeroth moment of the number density, also
equal to the number of particles per unit volume. For growth,
we can define the characteristic time scale as the ratio of the
mass of the crystalline phase to the rate of the mass increase
per unit time. In our case, this leads to the following
expression:

ML- nms
= =— 24
G M. 3Gom (24)

where m, and mjs are respectively the second and third
moments of the number density and G is the growth rate as
defined in Eq. 18. The micromixing timescale, which is also
related to the turbulent timescale by a factor Cp,;x = 2, is given
in Eq. 11. The profiles of ty, 15, and 17, are shown in Figure
8. From the various plots, it can be seen that nucleation is
prevalent compared with growth only at the initial stage, up to
x ~ D, in a localized area around r ~ 0.05 D. During this
initial stage, for instance at x = 0.21 D, micromixing can slow
down the nucleation mechanism by locally limiting the supply
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Figure 7. Contour plot of the growth rate in the first
stages.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

and homogenization of the chemical species carried by the
fluid (for r ~ 0.05 D, Ty = 10> while 7,;, = 8 x 107); even
particle growth is rather localized at this stage. Afterward, the
nucleation time scale quickly increases, initially rendering
nucleation secondary to particle growth (x ~ 2.5 D), then
rather insignificant (x ~ 10 D). At the same time particle
growth, which is now prevalent, must compete with micro-
mixing effects within a central core that extends, for instance
in the cross-section at x = 2.5 D, up to r ~ 0.15 D.
Downstream, growth is slower and homogeneous across the
pipe cross-sections. At this point, the micromixing time scale
Tmix 18 everywhere lower than 15, showing that growth is not
affected any more by turbulence and micromixing effects.

A major advantage of the transported population balance-
PDF method is that it retrieves directly the entire PSD. In
Figure 9, the volumetric distribution is shown together with
the experimental results of Baldyga and Orciuch.”! We also
plot the PSD obtained by our method with the kinetics of
Vicum et al.,’> as well as the PSD computed by Baldyga
and Orciuch.?! Since their approach does not compute the
PSD directly, their PSD was reconstructed from the moments
by fitting the parameters of a presumed-shape distribution
(called the “most likely distribution’). The PSD obtained by
the population balance-PDF method with both sets of
kinetics shows excellent agreement with the experimental
results, in both shape and mean size. Some minor discrepan-
cies are expected due to both experimental error and uncer-
tainty in kinetics. As shown in Figure 9, the mean size dy3 is
well predicted by both methods—this is expected, as it is
directly related to the moments which are solved for by the
method of Baldyga and Orciuch. The coefficient of variation
(=0/dy3) on the other hand, is much better predicted by the
population balance-PDF method: it is equal to 0.25 as com-
pared to 0.26 in the experiment, while in the PSD recon-
structed from the moment method it is equal to 0.16. A
slightly smaller d,3 size is obtained with our method when
implementing the kinetics of Vicum et al.,>® but the PSD
shape remains similar to the one obtained using the kinetics
of Baldyga and Orciuch.?!
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Baldyga and Orciuch also reported the PSD for two other
configurations: Re = 40,000, Ru = 3 and Re = 40,000, Ru
= 6 with the lower concentrations ¢, = 15 mol m > and Cp
= 100 mol m >, Comparison of those with the results from
our method using both the Baldyga and Orciuch?' kinetics
and those of Vicum et al.’* are shown in Figures 10 and 11.
For the case Ru = 3, the distribution obtained with our
method is again close to the experimental results (Figure 10).
The mean size is 3.21 um as compared with 3.77 pum for the
experiment. The two distributions have similar shape and
proportions, both presenting a coefficient of variation of
0.27. For comparison, the PSD obtained by the method of
moments of Baldyga and Orciuch has an average value of
3.07 um and a coefficient of variation of 0.22. The PSD
obtained with the kinetics of Vicum et al.’” presents a lower
average value of 2.84 um, but the coefficient of variation
remains correct (0.27). For the case Ru = 6, the agreement
is slightly less satisfactory (Figure 11), the simulation yield-
ing a mean size of 4.31 um and a coefficient of variation of
0.26 as compared with 4.01 um and 0.22, respectively. For
comparison, the values obtained by the moments are 4.07
um and 0.21, although the retrieved distribution looks more
skewed in that case. When using the kinetics of Vicum
et al.>* the resulting PSD shape shows better agreement
with a mean size of 3.77 um.

Conclusions

In this article, we presented a framework for modeling tur-
bulent precipitation, based on the concept of a coupled popu-
lation balance—transported PDF method,'” by means of a
Lagrangian Monte Carlo particle method coupled to a CFD
code. The main advantages of the method are that: (a) it
resolves the closure problem of precipitation and, more gen-
erally, of turbulent reactive flows with particles formation,
(b) it allows for kinetics of arbitrary complexity (such as
size-dependent growth and aggregation) to be incorporated
without the need for approximations, and (c) it directly com-
putes the entire PSD. On the other hand, like all transported
PDF methods, the approach requires closure for the turbulent
transport and micromixing terms, the former of which can
be modeled with a gradient diffusion assumption, whereas
the latter was approximated here with the simple IEM
model; more sophisticated micromixing models can also be
applied, and should be investigated in future studies.

The method was applied here to the precipitation of
BaSO, in turbulent pipe flow and comparison was made
with the experiments of Baldyga and Orciuch.?' Results
showed excellent agreement with the experimentally deter-
mined PSD in both size and shape, the latter of which is dif-
ficult to achieve with moment methods. In addition, the
interplay between turbulent mixing and particle formation
processes (nucleation, growth) and the competition between
them was analyzed. The CPU time (12-22 h on four CPU
cores) was very reasonable and showed that solution is feasi-
ble even in desktop systems.

It must be stressed that the closure problem in turbulent
reactive flows with particle formation is more far-reaching
than could be exemplified by the case study considered here.
In particular, the BaSO, experiments featured size-independ-
ent growth and no aggregation. These features allow the
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Broken blue line corresponds to nucleation. Solid red line corresponds to growth. Dotted black line corresponds to micromixing. From
top to bottom, left to right: (a) axis passing at r = 0.05-D, (b) cross-section X = 0.21-D, (¢c) X = 0.5-D, (d) X = D, (e) X = 2.5-D,
(f) X = 5D, (g) X = 10-D, and (h) X = 25-D. [Color figure can be viewed in the online issue, which is available at www.interscience.
wiley.com.]
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=15 mol m~3, ¢, = 1500 mol m~3, Ru = 1.

[Color figure can be viewed in the online issue, which is
available at www.interscience. wiley.com.]

application of the method of moments, which directly com-
putes the mean size (though not the shape of the distribu-
tion). In problems where these assumptions do not hold,
unclosed integrals occur in the moment equations that
require approximation (e.g., Laguerre quadrature, quadrature
method of moments), while aggregation in turbulent flows
results in unclosed correlations between number densities of
different sizes.” In such problems, the advantages of the
transported PBE-PDF method will be more apparent,
although the simpler case considered here serves as a good
benchmark due to the availability of experimental data.
Future work will therefore extend the application of the
method to size-dependent growth and aggregation problems.
Finally, it must be emphasized that the main concept is not
limited to precipitation but to any turbulent reactive flows
with particle formation; as such it can be applied to a wide
range of problems that exhibit similar closure issues, such as
soot formation, nanoparticle production, and spray combus-
tion.

PSD at outlet, Re=4-10*, Ru=3, ¢_=100molim®, ¢ =15molim’
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Figure 10. Particles size distribution for Re = 40,000,
ca=15mol m~3, ¢, = 100 mol m~3, Ru = 3.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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PSD at outlet; Re=4-10*, Ru=6, ¢_=100malim’, ¢ =15molim’
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Figure 11. Particles size distribution for Re = 40,000,
c.=15molm=3, ¢, = 100 molm—3, Ru = 6.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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